Various authors have considered a conformal extension CGo of the Galilei group which in some sense is the nonrelativistic limit of the conformal extension of the Poincare group. and have also established an invariance group for the free-particle SchrOdinger equation. the "Schrodinger group." Here we establish the most general conformal extension C G of the Galilei group, which is found to be identical to the group of the most general coordinate transformations that permit the use of noninertial frames of reference and of curvilinear coordinates in Galilei-invariant theories, which was considered by one of us some time ago, and is a gauge group containing a number of arbitrary functions. Both CGo and the Schrodinger group are subgroups of C G containing the Galilei group, but otherwise they do not overlap. The Hamilton-Jacobi and Schrodinger equations for particles which are free or interact via inverse-square potentials are shown to be invariant under the Schrodinger group, and a further invariance of the Hamilton-Jacobi equation is established.
I. INTRODUCTION
In 1909, Cunningham and Bateman 1 realized that Maxwell's equations are invariant not only under the 10-parameter Poincare (= inhomogeneous Lorentz) group, but under the wider 15-parameter conformal group Cpo Since then, conformal invariance has been considered in many areas of physics, 2 and in recent years has found renewed interest in high energy physics. 3
For our present purposes, the general conformal group C is most concisely defined as the group of all transformations which in any Lorentz space with metric tensor glJ.v locally leave the light cone invariant. However, in the following we shall mainly be interested in Minkowski space and its metric tensor TJlJ.v' The corresponding conformal group4 Cp is more appropriately called the conformal extension of the Poincare group; it is briefly discussed in Sec. III.
In connection with the renewed interest in conformal invariance in particle physics, a conformal extension of the Galilei group was considered in a study of Galilei-invariant field theories by Hagen 5 and this group was studied in detail by Roman et al. 6 Simultaneously, it was realized by Niederer 7 that the Schrodinger equation for a free particle is invariant under a wider group of transformations (the "Schr&iinger group") than the Galilei group, identical with the group conSidered by Hagen. The relation of this group to the conformal group was studied by Barut 8 and Niederer, 9 both of whom compared the Schr&iinger group to the nonrelativistic limit Coo of the conformal extension of the Poincare group.
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A similar study was undertaken for the HamiltonJacobi equation by Boyer and Peffafiel. 10
Our own interest in Galilean analogs to the conformal group Cp arose from a continuing investigation of possible dynamics of interacting particles, 11 In Sec. III we show that if such Galilean analogs are based on the nonrelativistic analog of Eq. (1), a group Co very much wider than that considered in Refs_ 5-10 results, which is identical with a group considered by one of us some time ago in a different context, 12 and is a gauge group containing a number of arbitrary functions. Even if we restrict it further than required by this analogy, we obtain a gauge group which is wider than the Schr&iinger group. To obtain these results, it is convenient to use a formalism for the Galilei group introduced earlier, 13,14 which is outlined in Sec. II. Both the latter and Coo are subgroups of Co containing the Galilei group, but otherwise they do not overlap. In Sec_ IV, we present a simple proof of the invariance of the Hamilton-Jacobi and Schrodinger equations for free particles or particles interacting via inverse-square potentials under the Schrodinger group as well as a further invariance of the Hamilton-Jacobi equation. The relation of our results to previous work is discussed in Sec. V. We shall take the nonvanishing components of these tensors to be
II. UNIFIED TREATMENT OF THE POINCARE AND GAll lEI GROUPS
The full inhomogeneous Galilei group is the group of transformations (1) 
Equations (2), (4)- (6) imply that the Jacobian J of transformation (1) equals ± I in both cases. Thus both the Poincare and the Galilei group consist of four parts, corresponding to the four combinations of the signs of J and of aOo. The part with J= sgnOiOo= 1 forms a subgroup, the proper orthochronous Poincare and Galilei group, respectively. The space of the Poincare group is metric, with a metric tensor 'TI"v, and a four-dimensional infinitesimal distance defined by ds 2 "'-7/",v dx" dx". 
For the Galilei group, we could also introduce such a distance through (7G) However, the "metric" g"v is singular, and thus the space is not Riemannian; the separation (7G) is a pure time interval, and assigns a separation zero to any two simultaneous events.
Unlike 'TI"v and its inverse 11"'v,g"v, and}fv cannot be used to lower and raise indices reversibly, and in general co-and contravariant vectors are distinct quantities. Since the Christoffel symbols and the curvature tensor defined from TJ"v vanish, the metric space characterized by TJ"v is flat. No analogous statements can be made for the space characterized by g"v; however, if we introduce vanishing affine connections r:v by definition, the corresponding curvature tensor also vanishes, and thus this affinely connected space also is flat.
III. CONFQRMAL EXTENSIONS OF THE POINCAR~ AND GALILEI GROUPS
The conformal extension Cp of the Poincare group is the group of all coordinate transformation x"" =x"" (x") (8) that connect line elements of the form (9P) with each other,4,17 and thus preserve the light cones ds 2 ,=0. Clearly, the Poincare transformations form a subgroup; another subgroup is that of the scale transformations (dilatations)
It can be shown that the most general conformal transformation is the product of a Poincare transformation and a "Haantjes transformation" (product of dilatations and acceleration transformations)
where C and 1' " are five arbitrary constant parameters, and thus the conformal extension of the Poincare group is a 15-parameter group. The Galilean limit of this transformation (the "Galilean Haantjes transformation") is
This set of transformations together with the Galilei transformations forms a I5-parameter group CGo which has a structure very similar to that of the conformal extension of the Poincare group, and has therefore been considered occasionally as the appropriate definition of the Galilean conformal group. 8 It is, however, by no means the most general conformal extension of the Galilei group.
Before proceeding with a study of this extension, we note that Cp in the interpretation adopted here 2 is to be understood as a group of transformations on the coordinates, but not on the metric tensor. Therefore, ds 2 is not an invariant and 17"v does not equal TJ'/lV, but instead is given by
where the factor of 7/pa arises from the transformation of dx" dx", i. e., the expression (9P) arises from
A similar interpretation must be adopted for the transformations of the conformal extension of the Galilei group,
We can define a "contravariant" Tt'" as the invers e of
771' v from a relation corresponding to (3P) to obtain
::#v
which does not equal7/''''v.
P. Havas and J. Pfebanski
To obtain the most general extension of the Galilei group, we proceed directly from the Galilean analog of preservation of light cones. In the limit c -00 the light cones ds 2 = 0 with ds 2 given by (7P) degenerate to planes of constant time (absolute simultaneity), for which ds 2 = 0 with the Galilean ds 2 (7G). The most general transformations C c maintaining this condition are
Clearly, these transformations contain both the Galilei group and the group (llG) as special cases, but are much more general.
With the interpretation adopted above, we now have
where
However, if we wish to define a "contravariant" h"'v from a relation corresponding to (3G) in analogy to the procedure used above to obtain (13P), we only get
Which is not necessarily proportional to h"v and contains an arbitrary factor w 2 (J') because of the degenerate form of (3G). However, because of the form (14G) of the coordinate transformations we have at least
The relations (14G) are precisely those obtained in Ref. 12 as the most general coordinate transformations allowed that permit the use of noninertial frames of reference and curvilinear coordinates without changing the physical content of Galilei-invariant theories. The only restriction on (analytical) coordinate transformations imposed there was the exclusion of coordinate systems for which signals emitted at a time to could arrive at some points of the systems at t > to and at others at t < to'
It should be noted that imposition of the corresponding restriction on coordinate transformations for Poincareinvariant theories does not lead to the conformal extension of the Poincare group Cp • The condition on the description of signals stated above implies (in addition to preservation of light cones) that the space-or timelike character of separations (i. e., the sign of ds 2 in (9P)] is maintained, a condition not satisfied by the acceleration transformations. This condition leads to a set of restrictions on the transformed metric tensor Tf; v' 4, 16, 19 In the Galilei case, no such additional condition is implied, due to the collapse of the cone to a plane.
Some time ago , Zeeman 20 showed that the requirement of preservation of light cones in Minkowski space and of orientation of timelike vectors implies the "causality group," defined as the product of the orthochronous Poincare group and the dilatation group. This re- sult actually is an immediate consequence of the longknown fact that Cp is the widest group of transformations in Minkowski space which preserves the light cones, but that the subgroups of acceleration transformations and of antichronous Poincare transformations do not preserve time orientation. A requirement of "causality" for Newtonian space-time analogous to Zeeman's for Minkowski space would demand preservation of absolute Simultaneity and of time orientation, and thus the subgroup of orthochronous transformations of C c defined by (14). Thus Zeeman's statement" causality implies the Lorentz group" is valid only in Minkowski space; furthermore, as already discussed in Ref. 12 (Footnote (49) in connection with the transformations (14Ga), it is too strong a requirement to demand preservation of time orientation, "since this would assign physical meaning to the obviously conventional orientation of the time axis .... Allowing both signs does not contradict the 'causality condition' that a signal should not arrive ear lier than it was emitted, which can be looked upon as a definition either of ' signal' or of 'earlier '." Therefore antichronous transformations need not be excluded, and the physically required causality conditions do not impose any restrictions on C c , and in the case of Cp only exclude the acceleration transformations and impose the restrictions on Tf:" mentioned above.
Because of the difference between the relation (13P) and (13G) there is a clear qualitative difference between the group of transformations C c allowed by a conformal extension of the Galilei group and the group Cco obtained as the Galilean limit of Gp • On the other hand, we can subject the transformations of C c to arbitrary restrictions to achieve a closer similarity to, or even identity with, the group C c 0'
The weakest restriction on the transformations (14G) that reduces Eq. (13G) to a form reminiscent of (13P) is the requirement
This only restricts the transformations (14Gb), but not (14Ga). From (13G) and (14G) we obtain (17a) which implies
no restrictions are imposed on ax'mjaxo.
The most general transformation satisfying the condition (17Gb) is (18Ga) where (18Gb) which together with Eq. (14Ga) defines a group C C1 , and for which (19G) The following distinct subgroups of the transformations (14Ga) and (18G), corresponding to simple forms of the functions F and ~m, are easily recognized [where we always first state the transformation (14Ga), written in terms of the time variables, and then the values of some of the functions and parameters appearing in (18Ga); those not specified explicitly are unrestricted constants, and all quantities not given explicitly as functions of t are understood to be constants]:
L The Galilei group:
II. The Galilean Haantjes transformation (l1G);
III. The three-dimensional conformal transformation:
F=l, a"'r=o;" ~m=o.
IV. The "Schrodinger dilatation"7; t' =C -2t;
F==C-\ a m r = 15;', Er=O, ~m=o.
Vo The "Schrl:idinger expansion"1;
t' =Ft; F=(l-l°t)-\ amr=o;', Er=O, ~m=O.
Clearly there are many more subgroups. In particular, it should be noted that since any dilatations of XO and of the xm are independent, their ratio is arbitrary, and thus the dilatation subgroup of the Haantjes trans~ formations and the Schrodinger dilatations are only two particular cases of another subgroup of C G (overlapping the subgroup II and containing IV): We can further restrict our transformations by requiring in Eq. (16G)
However, this still leaves an arbitrariness beyond that of Cp because of the presence of the arbitrary function w (x") , and indeed imposes no restriction whatever on the transformation (18G). To obtain the full Galilean analogue to Eq. (13P), we must require in addition to (20Ga) that
since these relations imply
the difference between (13P) and (21G) This is the group of orthogonal coordinate systems undergoing arbitrary accelerations as well as time-dependent dilatations. It, together with the time transformations (14Ga), forms a group C L , the "Leibniz group" recently discussed by Barbour and Bertotti in a different context. 21 C L includes the subgroups I, IV, and V listed above, but both the Galilean acceleration transformation and the three-dimensional conformal transformation are excluded. The product of these three subgroups is the Schrooinger group C.,
[where all parameters are constants, and the am / s are subject to conditions (18Gb)], which thus is a subgroup both of the conformal extension C G of the Galilei group and of its subgroup C L restricted by Eq. (20G). However, it is not a subgroup of the group CGo discussed above (the product of the Galilei transformation and the Galilean Haantjes transformations). To obtain this group, we can not require condition (20G), but must instead only demand (16G) and restrict the transformation group (18G) to the product of the subgroups I and II listed above.
As noted before, both Cp and CGo are 15-parameter groups. Since from Eq. (18Gb) only three of the a m r are independent, the Schrooinger group C s is a 12-parameter group. On the other hand, the conformal extension C G of the Galilei group defined by (14G) contains four arbitrary functions x,o(xo) and x""(xP) and its restricted forms defined by (14Ga) and (16G) 
IV. THE INVARIANCE GROUPS OF THE SCHRODINGER AND THE HAMILTON-JACOBI EQUATION
As noted in the Introduction, a number of authors have recently investigated the invariance groups of the freeparticle Schrooinger equation (24) and with finite transformations. However, it is much more convenient to work with the variational principle oj = 0 for Eq. (24), where (26) and with infinitesimal transformations.
Using the Galilean tensors discussed in Sec. II, Eqs. (25) and (26) 
Before considering the various conformal extensions of the Galilei group introduced in Sec. III, it will be instructive to consider arbitrary coordinate transformations. Then in Eq. (28) we must also take into account that the integrand must transform as a scalar density rather than a scalar (a distinction which is not relevant for the Galilei group). 22 In a metric space, this is achieved by introducing the square root of the absolute value of the determinant of the metric in the integrand. While the four-dimensional space considered here does not have a nonsingular metric, the general coordinate transformations (14G) still have a nonvanishing Jacobian
and we can use a factor J_l in the integrand to obtain the desired transformation property. This factor equals [g oo lhl-1 ]1/2, where
This (apart from notation) is identical to the standard procedure adopted for obtaining the Schrooinger equation in curvilinear coordinates (where goo:= 1, and -h mn is the inverse of the metric tensor of 3-space). Thus Eq. (28) is replaced by
As discussed in Sec. III, we consider conformal transformations as transformations on the coordinates alone, but not on the 'tensors g"v and h"v, in conformity with the usual interpretation of transformations under the group Cp • Thus we have to investigate whether it is possible to maintain the form of the Hamilton-Jacobi and of the Schrodinger equation under these conditions. Clearly, for the Hamilton-Jacobi equation this will be the case if in Eq. (27) a transformation of the coordinates and of S will yield an equation of the same form, possibly multiplied by an over-all factor. For invari-486 ance of the Schrooinger equation following from the variational principle (31), on the other hand, it is necessary that the transformation of the coordinates (including the volume element) and of ¢ will leave the integrand of (31) invariant up to a divergence. It should be noted that with the interpretation adopted here the factor
[goo I h \_1)1/2 does not change under conformal transformations, but that tfx changes to J rrx.
This interpretation has no effect on the Galilei invariance of the equations. However, it is clear that the equations are not invariant under the full group C c which involves the general transformations (14G), or even under the transformations restricted only by the condition (16G) leading to (18Ga). We shall therefore investigate instead the possible invariance under the various subgroups.
We first consider the well-known case of subgroup I, i. e., the behavior of Eqs. (25) or (27) and (28) 
This can easily be seen to be of the form (25) ox" ax" == o. (37) This is of the same form as Eq. (25) provided that we choose (38) and thus the free-particle Hamilton-Jacobi equation is invariant under VI (up to a factor Ji2 B-2) as well as under its subgroup IV.
For Eq. (31), the transformations VI yield (39) This is of the form (26) '" 2m ax '" ax'" -. It can easily be verified that this reduces to the form (25) apart from an irrelevant over-all factor (1 -1°t)-2 provided that we choose
To investigate the invariance of Eq. (31) Obviously, these statements remain correct if we consider N noninteracting particles instead of just one free particle. In this case, of course, there exist additional transformations that leave the equations invariant which, however, are of no interest for our discussion.
In the presence of interactions Eq. (25) 
The invariance of this particular potential was not recognized in Ref. 7 in which the name "Schrooinger group" was suggested (but was noted later by Burdet and Perrin24). On the other hand, it was known to Jacobi 25 that the equations of motion of a Newtonian Nbody system with interactions of the form (48) are invariant under the transformations IV and V in addition to those of the Galilei group, and therefore the Schrooinger group should more appropriately be called the Jacobi-Schrooinger groupo
In Sec. III we briefly discussed the conformal extension Cp of the Poincare group. It can be characterized by a tensor Tj"," However, we can instead define conformal extensions of the Galilei group directly. The most general conformal extension C G is given by the transformations (14G), for which the tensor g"," is related to the Galilean "metric" g"," by Eq. (12G), which is analogous to Eq. (13P) and indeed is its Galilean limit. However, since neither g"," nor g"," possess an inverse, the analog h" '" If the arbitrary functions in these groups are restricted in various ways, a number of subgroups can be obtained. The most important ones are the 15-parameter group CGo' which is a subgroup of C G1 ' but not of C L , and the 12-parameter Jacobi-Schrooinger group C s , which is a subgroup of CL , Both CGo and Cs contain the Galilei group as a subgroup, but otherwise they do not overlap.
In Sec. IV we established the invariance of the freeparticle Schrooinger equation under C s by investigating the behavior of the variational principle (26) for this equation under the infinitesimal transformations of C s.
Unlike other authors, 5-8 we did not have to consider the mass m as a quantity subject to transformations, nor did we have to define new transformations from those of C Go to absorb a change of mass into the coordinate transformations (as was done in Ref. 8). We also established the invariance of the free-particle HamiltonJacobi equation under a 13-parameter group containing CSo
The invariance of the variational principle (26) under a 12-parameter group, by Noether's theorem, implies the existence of 12 local conservation laws. These will be discussed elsewhere, as will be the corresponding classical laws for the Hamilton-Jacobi equation. 26 The close correspondence between the HamiltonJacobi and the SchrOdinger equation has, of course, been known for half a century. and our results further illustrate this correspondence. 27 The behavior of the Schrodinger equation under arbitraryaccelerations, i. e., under the group CLI, is more appropriately discussed in connection with a consideration of the equivalence principle, and is the subject of a paper by J. Stachel in preparation. 22, 28 The various extensions of the Galilei group considered here give rise to two-body invariants of importance in a generalized dynamics which will be discussed elsewhere 29 in connection with the two-body invariants of the Galilei group found earlier. 13,a 
